We propose and analyse a new class of Littlest Seesaw models, with two right-handed neutrinos in their diagonal mass basis, based on preserving the first column of the Golden Ratio mixing matrix. We perform an exhaustive analysis of all possible remnant symmetries of the group A 5 which can be used to enforce various vacuum alignments for the flavon controlling solar mixing, for two simple cases of the atmospheric flavon vacuum alignment. The solar and atmospheric flavon vacuum alignments are enforced by different remnant symmetries. We examine the phenomenological viability of each of the possible Littlest Seesaw alignments in A 5 , which preserve the first column of the Golden ratio mixing matrix, using figures and extensive tables of benchmark points and comparing our predictions to a recent global analysis of neutrino data. We also repeat the analysis for an alternative form of Golden Ratio mixing matrix. *
Introduction
Massive neutrinos together with neutrino oscillations has been firmly established, and it is unique experimental evidence for physics beyond the standard model. All the three lepton mixing angles θ 12 , θ 13 and θ 23 and the mass squared differences δm 2 ≡ m 2 )/2 has been precisely measured in a large number of neutrino oscillation experiments. At present the 3σ ranges of these mixing parameters are determined to be [1] for normal ordering (NO) neutrino mass spectrum, and similar results are obtained for inverted ordering (IO) spectrum. Non-Abelian discrete finite groups have been widely used to explain the lepton mixing angles as well as CP violating phases, see Refs. [2] [3] [4] [5] [6] [7] for reviews. The most appealing possibility for the origin of neutrino mass seems to be the seesaw mechanism which, in its original formulation, involves heavy right-handed Majorana neutrinos [8] . The most minimal version of the seesaw mechanism involves one [9] or two right-handed neutrinos [10] . In order to reduce the number of free parameters still further to the smallest number possible, and hence increase predictivity, various approaches to the two right-handed neutrino seesaw model have been suggested, such as postulating one [11] or two [12] texture zeroes, however such two texture zero models are now phenomenologically excluded [13] for the case of a normal neutrino mass hierarchy considered here.
The minimal successful seesaw scheme with normal hierarchy is called the Littlest Seesaw (LS) model [14] [15] [16] , although in fact, it represents a class of models. The LS models may be defined as two right-handed neutrino models with particularly simple patterns of Dirac mass matrix elements in the basis where both the charged lepton mass matrix and the two-righthanded neutrino mass matrix are diagonal. The Dirac mass matrix typically involves only one texture zero, but the number of parameters is reduced dramatically since each column of this matrix is controlled by a single parameter. In practice this is achieved by introducing a Non-Abelian discrete family symmetry, which is spontaneously broken by flavon fields with particular vacuum alignments governed by remnant subgroups of the family symmetry. Unlike the direct symmetry approach, where a common residual flavour and remnant CP symmetry is assumed in the neutrino sector, the Littlest Seesaw approach assumes a different residual flavour symmetry is preserved by each flavon, in the diagonal mass basis of two righthanded neutrinos, leading to a highly predictive set of possible alignments.
For example, in the original LS model [14] [15] [16] , the lepton mixing matrix is predicted to be of the TM1 form in which the first column of the tri-bimaximal mixing matrix is preserved, but with the reactor angle and CP phases fixed by the same two parameters which fix the neutrino masses. This leads to a highly constrained model which is remarkably consistent with current data, but which can be tested in forthcoming neutrino experiments [17] . The LS approach may also be incorporated into grand unified models [18] . The success of the LS approach, raises the question of whether it is confined to TM1 mixing, or is of more general applicability. The present paper aims to address this question by considering a different mixing scheme within the same approach, namely the golden ratio (GR) mixing pattern [19, 20] .
In this paper, we shall propose another viable class of LS models, namely the Golden Littlest seesaw (GLS). Although the golden ratio mixing [19, 20] is excluded by the measure-ment of largish reactor mixing angle, the first column of U GR may still be compatible with the experimental data. Inspired by the success of the LS approach for TM1 mixing, we would like to also preserve the first column vector of the GR mixing pattern in our GLS model. We shall perform an exhaustive analysis of all possible remnant symmetries of the group A 5 which can be used to enforce various vacuum alignments for the flavon controlling solar mixing, for two simple cases of the atmospheric flavon vacuum alignment, analogous to the proceedure suggested in the LS approach based on S 4 . For each possibility we examine the phenomenological viability of the alignment, using figures and extensive benchmark points, comparing our predictions to a recent global analysis of neutrino data. We also repeat the analysis for an alternative form of Golden Ratio mixing matrix.
The layout of this paper is as follows. In section 2 we review GR mixing and the direct model building approach based on the group A 5 . In section 3 we then turn to the GLS approach, based on two right-handed neutrinos with the Dirac mass matrix controlled by flavon vacuum alignments which respect various remnant symmetries of A 5 , and examine the phenomenological viability of each case for a discrete choice of phase parameters. In section 4 we repeat the procedure for an alternative choice of GR matrix. Section 5 concludes the paper. We report the group theory of A 5 in Appendix A, and the technique details of diagonalizing a two dimensional symmetric matrix are shown in Appendix B.
Golden Ratio Mixing

Mixing matrix and Klein symmetry
Before the measurement of the reactor mixing angle, the golden ratio (GR) mixing pattern [19, 20] was a good leading order approximation and it predicted a zero reactor angle θ 13 = 0, maximal atmospheric mixing angle θ 23 = 45
• and a solar mixing angle given by cot θ 12 = φ, where φ = (1 + √ 5)/2 is the golden ratio. Note that the golden ratio mixing differs from the tri-bimaximal mixing in the prediction for the solar mixing angle. The explicit form of the golden mixing matrix is given by
In the flavor basis where the charged lepton mass matrix m l is diagonal with m l = diag(m e , m µ , m τ ), then the most general form of the neutrino matrix m ν for the golden ratio mixing is
where the light neutrino masses m 1,2,3 absorbing the Majorana phases are generally complex, and the vectors Φ 1,2,3 are defined as
The vacuum alignment in the Littlest seesaw model. Φ 1 , Φ 2 and Φ 3 are the three columns of the golden ratio mixing matrix. The alignment vector Φ atm is either Φ 2 or Φ 3 , and Φ sol is a general vector orthogonal to Φ 1 .
as illustrated in figure 1 . As a consequence, the resulting effective light Majorana mass matrix m ν is form diagonalizable, and it is exactly diagonalized by the golden ratio mixing matrix. This scenario is referred to as form dominance [29] . In the limit of M dec M atm , M sol , as a good leading order approximation we could drop the last term and the model reduces to a two right-handed neutrino model, such that the lightest neutrino is massless.
The Littlest seesaw framework assumes that there are only two right-handed neutrinos to begin with, together with flavons which couple to them with particular vacuum alignments, leading to the columns of the Dirac mass matrix taking the above forms. Within the Littlest seesaw framework [15] , we shall assume that both vacuum alignments Φ sol and Φ atm are orthogonal to Φ 1 , in order to preserve the first column of the mixing matrix. Then we shall choose Φ atm to be either Φ 2 or Φ 3 , and take Φ sol to be a general vector orthogonal to Φ 1 , as illustrated in figure 1 . Later on we shall fix the alignment of Φ sol by appealing to remnant symmetry, according to a generalisation of the direct approach, as discussed in the next subsection.
The Littlest seesaw is clearly a rather predictive framework which combines the two righthanded neutrino model with the indirect approach [9] . In this framework, two right-handed neutrinos N atm R and N sol R are introduced, and the third right-handed neutrino is assumed to be almost decoupled and irrelevant. N atm R dominantly contributes to the seesaw mechanism and is mainly responsible for the atmospheric neutrino mass m 3 . N sol R is sub-dominant and is mainly responsible for the solar neutrino mass m 2 while the lightest neutrino mass m 1 is zero in this limit. The Littlest seesaw model generally assumes three generations of left-handed neutrino fields ν L = (ν e , ν µ , ν τ ) transforms as a triplet of the flavor symmetry while both N atm R and N sol R are singlets. In the flavor basis where the charged lepton mass matrix is diagonal with real positive eigenvalues m e , m µ , m τ and the right-handed neutrino Majorana mass matrix is also diagonal, by introducing appropriate auxiliary abelian symmetry, the generic Littlest seesaw Lagrangian can be written as Accordingly the vacuum alignment of the solar flavon φ sol is:
In our framework, another alignment vector Φ atm is assumed to be along the direction of Φ 3 or Φ 2 . In the following, we shall discuss the two cases one by one.
Golden Littlest seesaw with
In this case, the vacuum Φ atm reads as 6) which is invariant under the action of the Z
subgroup. Consequently the Dirac neutrino mass matrix M D and the right-handed neutrino heavy Majorana mass matrix M N are given by
Integrating out the right-handed neutrinos, the light effective Majorana neutrino mass matrix is approximately given by the seesaw formula
where
, and an overall phase of m ν has been omitted. Therefore four parameters m a , m b , x and η describe both the neutrino flavor mixing and neutrino masses. One can check that neutrino mass matrix m ν of Eq. (3.8) satisfies
This implies that the column vector (−
T is an eigenvector of m ν with a zero eigenvalue. As a result, the first column of the PMNS mixing matrix exactly coincides with the GR mixing pattern, and the corresponding light neutrino mass vanishes m 1 = 0.
In order to diagonalize the above neutrino mass matrix, we firstly perform a golden ratio transformation and obtain
The neutrino mass matrix m ν in Eq. (3.10) by diagonalized through the standard procedure, as shown in Ref. [30] . We have 12) where the unitary matrix U ν can be written as
cos θ e
We find the light neutrino masses m 2,3 are
The rotation angle θ is determined to be
The phases ψ, ρ and σ are given by
,
Thus the lepton mixing matrix is determined to be
with
The most general leptonic mixing matrix in the two right-handed neutrino model can be parameterized as 
where c ij ≡ cos θ ij , s ij ≡ sin θ ij , δ CP is the Dirac CP violation phase and β is the Majorana CP phase. Note that a second Majorana phase is needed if the lightest neutrino is not massless. Then we can extract the expressions for the lepton mixing angles as follows
Eliminating the free parameter θ, we see that a sum rule between the solar mixing angle θ 12 and the reactor mixing angle θ 13 is satisfied,
Using the best fit value of sin 2 θ 13 = 0.0215, we find for the solar mixing angle 22) which is within the 3σ region [1] . As regards the CP violation, two weak basis invariants J CP [31] and I 1 [32] associated with the CP phases δ CP and β respectively can be defined, For the mixing pattern in Eq. (3.19), these CP invariants turn out to be
Since J CP and all the three mixing angles depend on only two parameters θ and ψ, we can derive the following sum rule among the Dirac CP phase δ CP and mixing angles cos δ CP = (φ + 2)(1 + sin 2 θ 13 ) − 5 cos 2 θ 13 four input parameters x, η, m a and m b . By comprehensively scanning over the parameter space of η and r, we find that the experimental data on the mixing angles and mass squared splittings can be accommodated only for the values of x = ±2iφ 2 sin 2π 5
. In table 2 we present the predictions for the mixing angles and CP violation phases for some benchmark values of the parameters η and r. It is remarkable that both atmospheric mixing angle and Dirac phase are maximal for η = 0, all the mixing angles and mass ratio m 2 2 /m 2 3 lie in the experimentally preferred 3σ ranges except that the reactor angle θ 13 is a bit smaller. This tiny discrepancy is expected to be easily resolved in an explicit model with small corrections or by the renormalization group corrections [33] . Notice that the same predictions for the mixing angles and maximal δ CP can be obtained from the approach of combining A 5 flavor symmetry with generalized CP [22, 27, 28 ], but we have additional prediction for the neutrino masses here even if the CP symmetry is not introduced in the present context. We can check that the neutrino mass matrix m ν in Eq. (3.8) has the following symmetry properties
As a consequence, the same reactor and solar mixing angles are obtained for x = 2iφ 2 sin , all the mixing angles, CP phases and mass ratio m We show how these mixing parameters vary in the plane η versus r in figure 3. It can be seen that the measured values of the mixing angles and the neutrino masses can be accommodated for certain choices of η and r.
Similar to previous case, the most general from of the solar vacuum Φ sol is given by Eq. (4.8), and the atmospheric alignment vector takes the form
which preserves the residual symmetry G atm = Z
. Subsequently we can read out the Dirac neutrino mass matrix M D and the right-handed neutrino mass matrix M N as 29) which leads to the following low energy effective Majorana neutrino mass matrix 
Furthermore, m ν can be put into diagonal form by performing another unitary transformation where
The exact expressions for the neutrino masses are given by Given that the charged lepton mass matrix is diagonal due to the Z T 5 residual symmetry, the PMNS mixing matrix is of the form
37) with
Obviously the first column of the mixing matrix is fixed to be that of the GR mixing matrix. The lepton mixing matrix U is identical with the one in Eq. can be obtained for r = 1.486 while the reactor angle is slightly a bit larger. This mixing pattern for η = π can also be obtained from A 5 flavor symmetry and CP in the semidirect approach [22, 27, 28] , the additional bonus in GLS is the predcition for neutrino masses. As discussed in above, all the mixing parameters as well as mass ratio m 2 /m 3 depend only on η and r, this dependence is shown in figure 4 .
If we further take into account the contribution of the third almost decoupled righthanded neutrino of mass M dec , for example for the case of Φ dec ∝ Φ 1 , the last term of Eq. (3.1) would contribute to the lightest neutrino mass m 1 = c 2 /M dec , while the neutrino mixing angles, CP violating phases and the other two neutrino masses are not changed. 
Alternative Golden Littlest Seesaw in A 5
In the direct approach, if the A 5 flavor symmetry is broken down to Klein subgroups in both the neutrino and charged lepton sectors, e.g.
and
, the lepton mixing matrix is determined to be of the row-column (RC) symmetric form [22, 23] 
The mixing angles are: sin 2 θ 12 = (3 − φ) /5 0.276, sin 2 θ 23 = (2 + φ) /5 0.724 and sin 2 θ 13 = (2 − φ) /4 0.0955. Although this mixing pattern is not phenomenologically viable because of too large θ 13 and θ 23 , the first column of U RC is still compatible with experimental data, and that is what we shall assume in the following.
The general principle of the Littlest seesaw is that different sectors of the Lagrangian preserve different residual subgroups of the flavor symmetry which is proposed in Ref. [15] . In this section, we shall consider the case that the electron, muon and tau sectors preserve different residual symmetries while the flavor symmetry is broken in the whole charged lepton Lagrangian, and the same holds true for the neutrino vacuum Φ atm and Φ sol . This scenario is schematically depicted in figure 6 . Moreover we can generally write down the Littlest seesaw Lagrangian in the neutrino and charged lepton sectors as follows:
where ϕ α (α = e, µ, τ ) can be Higgs fields transforming as triplets under the flavor symmetry group, or the combination of the electroweak Higgs doublet with triplet scalar flavons. In order to obtain the above terms in a concrete model, the possible additional abelian symmetries are generically needed and they will not be specified here. It is generally more convenient to work in the charged lepton diagonal basis in practical model building. We show such an appropriate alternative basis in table 4. In this basis the charged lepton mass matrix is enforced to be diagonal by the chosen residual symmetries G e , G µ and G τ in Eq. (4.5). The desired vacuum alignments in the charged lepton sector are
If we regard ϕ e , ϕ µ , ϕ τ as each being a triplet 3 of A 5 , then they each correspond to a different symmetry conserving direction of A 5 , with,
That is to say
Inserting these vacuum configurations in Eq. (4.3) into Eq. (4.2), we obtain the charged lepton mass matrix is diagonal with
The hierarchies among the three charged lepton masses are expected to be explained by including an extra U (1) symmetry such that the effective Yukawa couplings y τ , y µ and y e are of different order of magnitudes. Table 4 : Alternative representation matrices of the generators S and T for the five irreducible representations of A 5 . This basis is more suitable to discuss the Littlest seesaw model in which the first column of the mixing matrix is in common with U RC .
As regards the neutrino sector, the three columns of the U RC mixing pattern read
As schematically illustrated in figure 1 , the solar alignment vector Φ sol is orthogonal to Φ 1 , consequently its most general form is
This vacuum alignment Φ sol would be enforced by some residual subgroup of A 5 for certain value of x,
, for x = 0,
, for x = −1,
, for x = 1,
, for x = −1/φ,
Furthermore the atmospheric alignment vector Φ atm is along the direction of Φ 2 or Φ 3 which respects the following residual symmetry
(4.10)
In the following we consider the case of Φ atm ∝ Φ 3 1 , then the Dirac neutrino mass matrix M D and the right-handed neutrino mass matrix M N are
Applying the seesaw formula results in the effective light neutrino mass matrix
This neutrino mass matrix m ν can be simplified into a quite simple form by performing a unitary transformation U RC ,
(4.14)
The block diagonal neutrino mass matrix m ν of Eq. (4.13) can be easily diagonalized through the standard procedure, as shown in the appendix B. The lepton mixing matrix is predicted to take the form
T to a triplet of the A 5 flavor group, and interchange the vacuum configurations ϕ µ and ϕ τ in Eq. (4.3), the resulting charged lepton mass matrix would be diagonal as well and the lepton mixing matrix can be obtained by exchanging the second and third rows of the PMNS mixing matrix in Eq. (4.15) . Furthermore, the exact results for the light neutrino masses are given by The expressions for the sine and cosine of rotation angle θ and the phases ψ, ρ, σ are sin 2θ = 2z e −iη |y| 2 + |w| 2 + 2|y||w| cos(φ w − η) which is in accordance with the experimental data [1] . As regards the Dirac CP phase, we find that the Jarlskog invariant takes a rather simple form, If x is treated as a free parameter, the experimental data on lepton mixing can be described very well for certain values of x, η and r = m b /m a . On the other hand, if we require the solar vacuum alignment is associated with certain residual symmetry, as shown in Eq. (4.9), only x = 0 is phenomenologically viable. We show how the observables sin 2 θ 13 , sin 2 θ 23 and m 2 /m 3 vary in the r − η plane in figure 7 . In order to show concrete examples, we list the predictions for mixing parameters for some benchmark values of r and η in table 5 and  table 6 . Note that the atmospheric angle θ 23 is outside of 3σ interval but quite close to 3σ bounds. We expect this discrepancy could be resolved by considering the contribution of the third almost decoupled right-handed neutrino of mass M dec . Moreover, corrections to the leading order results are generally presented in an explicit model, and therefore it is not difficult to achieve good agreement with experimental data. 
Conclusion
The Littlest Seesaw approach assumes that a different residual flavour symmetry is preserved by each flavon, in the diagonal mass basis of two right-handed neutrinos, leading to a highly predictive set of possible flavon alignments for the charged leptons and neutrinos. The Littlest seesaw model can thereby give a successful description of both neutrino mixing and the light neutrino masses in terms of four input parameters. The case of S 4 , discussed in earlier work, leads to the lepton mixing matrix being predicted to be of the TM1 form. The neutrino mass spectrum is normal ordered and the lightest neutrino is massless. Moreover, CP violation in neutrino oscillation and leptogenesis arises from a unique single phase such that they are closely related. Therefore the Littlest seesaw model is quite predictive and attractive.
In this work, we have investigated whether the Littlest seesaw is confined to TM1 mixing, or is of more general applicability. We have performed a comprehensive analysis of possible lepton mixing which can be derived from the A 5 flavor symmetry group within the paradigm of the Littlest seesaw. The general principle of the Littlest seesaw is that different sectors of the Lagrangian preserve different residual subgroups of the flavor symmetry [15] . This idea is illustrated in figure 2 and figure 6 . If the residual symmetry of the charged lepton sector is G l = Z T 5 which enforces the diagonality of the charged lepton mass matrix in the T generator diagonal basis, the subgroup G atm = Z completely fixed in the golden Littlest seesaw model, another interesting question is whether the observed baryon asymmetry of the universe can be generated through leptogenesis and the resulting constraints on the right-handed neutrino masses.
B Diagonalization of a 2×2 symmetric complex matrix
If neutrinos are Majorana particles, their mass matrix is symmetric and generally complex. In the following, we present the result for the diagonalisation of a general 2 × 2 symmetric complex matrix, which is of the form 
